We consider the damping dynamical response of a finite string due to a uniformly distributed load and a point force moving with a constant velocity. The classical solution for the transverse displacement of a string has a form of a sum of two infinite series, one of which represents the forced vibrations (aperiodic vibrations) and the other one represents free vibrations of the beam. We show that the series which represents aperiodic (forced) vibrations of the string can be presented in a closed, analytical form.
Introduction
The moving load problem (which is one of the most important problems in the dynamics of structures) has been studied by many authors for many years. This problem occurs in dynamics of bridges, roadways, railways, and runways as well as missiles and aircrafts. Different types of structures and girders like beams, plates, shells, and frames have been considered. Also different models of moving loads have been assumed [1] . In the paper, we study damping vibration of a finite string subject to a moving load. A string as a simple model of a one-dimensional continuous system resistant to tension but not to bending is often used in analysis of numerous engineering structures and has been a subject of great scientific interest for a considerable time. This follows from the fact that the vibrations of a string are described by the wave differential equation. This allows one to see the wave effect in a string, contrary to many more complex systems where it might be either not present or not clearly visible. The analogies between a string and the beams have been considered in papers [2] [3] [4] . Various aspects of the dynamics response of a string under a moving load have been considered, among others, in the papers [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . The classical solution of the response of a finite string subjected to a load moving with a constant velocity has a form of an infinite series. The main goal of this paper is to show that, in the case when the finite string is loaded by an uniformly distributed load and also a point force moving with a constant velocity, the aperiodic part of the solution can be presented in a closed form instead of an infinite series. Using the method, of superposed deflections Kączkowski [15] has shown for a simply supported Euler-Bernoulli beam that, in the case of undamped vibration, the aperiodic part of the solution can be presented in a closed form. Next, Reipert obtained a closed form solutions for a beam with arbitrary boundary conditions [16] and for a frame [17] . In this paper, we use a different method to obtain the solutions in a closed form. The presented method of finding a solution in a closed form is based on the observation that the solution of some partial differential equation in the form of an infinite series is also a solution of an appropriate ordinary differential equation. The solutions of the ordinary equation can be presented in the closed form. The presented solutions can be also used in axial and torsional vibration of the rod. Using this method, the closed solutions for undamped vibration of string and Timoshenko beam due to moving point force have been obtained in the papers [13, 18] . 
Damped Vibrations
We consider damping vibrations of a string of finite length subjected to a uniformly partially distributed load moving with a constant velocity V (Figure 1(a) ). Vibrations of the string are described by
where is the tension of the string, denotes the mass per unit length of the string, is damping coefficient, (⋅) denotes Heaviside step function, and is the intensity of the load.
The boundary conditions have the form
After introducing dimensionless variables
Equation (1) takes the form
where 0 = (V / ), = V/V , V = √ / , 0 = 2 / , and ≤ 1. The quantity V represents the wave velocity in the string. The Roman numerals denote differentiation with respect to the spatial coordinate , and the dots denote differentiation with respect to the time .
The boundary conditions (2) have the form
Let the initial conditions have the form
The solution of (4) for boundary conditions (5) is assumed to be in the form of the sine series
After substituting the expression (7) into (4) and using the orthogonality method, one obtains the set of ordinary differential equations
where
The initial conditions have the form
Finally, the response of the string taking into account the solution of (8) and initial conditions (9) can be obtained in the form
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The aperiodic vibrations of the string can be presented in closed form. Let us assume that
Let us notice that the function * * ( , ) = −4 0
is a solution of the ordinary differential equation (see [13] )
for the boundary conditions * * (0, ) = * * (1, ) = 0,
After solving (16) using the Laplace transform, we can obtain the function * * ( , ) in the closed form instead of a series. This closed solution has the form * * ( , ) = −
is a solution of the ordinary differential equation
for the boundary conditions similar to (17) .
The closed solution of the function * * ( , ) has the form * * * ( , ) =
Let us consider the situation when ≥ 1 (Figure 1(b) ). In this case, the solution has the form
The general integral can be presented in the form
where function 1 ( , ) is given by expression (12) assuming ≥ 1. The function 2 ( , − 1) has the form
Undamped Vibrations
Let us consider undamped vibration of a string due to a uniformly partially distributed load moving with a constant velocity. Assuming = 0( = 0), the solution (10)- (12) has the form
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The function given by the second series in (27) is a solution of the ordinary equation
for the boundary conditions like (17) . After solving (29), one obtains
Also the function ( , ) can be presented in a closed form. For the interval ≤ ≤ ( +1) ≤ 1, where = 0, 2, 4, . . . , , the function ( , ) is also a solution of
and hence can be presented in the closed form
For the interval ≤ ≤ ( +1) ≤ 1, where = 1, 3, 5, . . . , + 1, the function ( , ) is also a solution of
Taking into account the relationships (30), (32), and (34) the function ( , ) = ( , ) + ( , ) can be presented in a closed analytical form. For the interval ≤ ≤ ( + 1) ≤ 1, where = 0, 2, . . . , and < 1 (V < V ), one obtains
and for the interval ≤ ≤ ( + 1) ≤ 1, where = 1, 3, . . . , + 1 and < 1, one obtains
(36) Equation (35) gives the string response when the front of the free wave moves in the same direction as the point force while (36) gives the string response when it moves in the opposite direction. For example, for 0 ≤ ≤ < 1, it follows from (35) ( = 0) that (Figure 2(a) )
From (30) or (31) and (33) for = 0, we obtain the solution for > 1, that is, when the load velocity is bigger than the transverse wave velocity (Figure 2(b) ); namely,
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The letter A in Figures 2(a) and 2(b) denotes the front of the wave excited by the initial entering of the load to the string.
The Interval of Moving Load
Let the vibrations of the string be caused by a moving load, uniformly distributed on (Figure 3(a) ). The solution of the problem can be obtained by superposition of the solutions which are given in Sections 2 and 3 (see Figure 3(b) ). One can consider three phases, namely, the entry of the load on the string, the full load and exit of load with string (see Figure 4) .
The Inertial Moving Load
Let us consider the vibrations of the string under uniformly distributed moving mass 1 , After using dimensionless variables, (3) and (40), have the form
Let us consider only the steady-state solution for > 1 ( Figure 5 ). In this case ( , ) = steady ( ) and from (40), one obtains the ordinary equation
where the critical velocity of the moving mass is equal to V = √ / 1 . After solving (42), one obtains the displacement of the string in the form
For V < V , the displacement of the string is positive, but for V > V , it is negative. Let us notice that if the velocity is V < V and tends to V (V → V ), the response of the string tends to plus infinity, but if V > V and tends to V , the displacement of the string tends to minus infinity. It is worth pointing out that when the velocity of the mass is bigger than the critical velocity, the string displacement is opposite to the direction of the gravity force which is consistent with our intuition.
The Moving Point Force
Undamped vibration of the string due to the point force moving with a constant velocity has been considered in the paper [13] . Let us consider now the damped dynamic response of the string due to the point force moving with a constant velocity ( Figure 6 ). In this case, the solutions can be obtained using results of Section 2 by assuming that the length of the segment tends to zero and taking into account lim → 0 = = const. Rather than that method, it is convenient to consider the differential equation similar to (4) which now has the form
where (⋅) is the Dirac delta and 0 = / . The solution for the moving point force, taking initial conditions (6) , is a sum of the particular integral = ( , ) and general integral ( , ) and has the form
The function ( , ) which represents aperiodic vibrations can be obtained in the closed form. This function satisfies the nonhomogeneous differential equation (44) but does not satisfy the initial conditions (6) . The function * ( , ) = 2 0
for the boundary conditions * (0, ) = * (1, ) = 0,
and the function * * ( , ) = −4 0
for the boundary conditions * (0, ) = * (1, ) = 0, After solving (48), (51) using the Laplace transform, we can obtain the function ( , ) in the closed form instead of a series. These closed solutions have the form * ( , ) =
for ≥ .
Some Numerical Results
In Figures 7 and 8 , we present damped displacements of the string for some parameter = VV −1 . In Figure 7 , we show results in the case of the uniformly distributed moving load and in Figure 8 in the case of a point moving force. In both figures, the dotted line presents the displacement of the string for = 0.4, dashed line for = 0.6, the dot-dashed line for = 0.8, and the solid line for = 1, 2. The damping coefficient has been assumed to be equal to = 0.03 −1 .
Conclusions
The dynamics response of a string loaded by a moving load uniformly distributed on an interval or a constant force moving with a constant velocity has been studied. The classical solutions for the transverse displacement of the string have the form of sums of infinite series. It has been shown that a part of the solution can be presented in a closed, analytical form. The closed, analytical solutions are derived from the fact that they are not only integrals of partial differential equations but also of some ordinary differential equations. The closed forms of the solutions take different forms whether the velocity of moving load is smaller, equal or larger than the wave velocity of the string. This follows from the fact that in a string wave phenomena may occur. The presented closed solutions have important meaning in the case when we consider the tension force in the string. The closed solutions allow analyzing the vibrations phenomena due to moving loads without performing numerical calculations; see Figure 2 . It is worthwhile underlining that presented solutions for the string can be also used in axial and torsional vibration of the bar under moving load (see e.g., [19] ). According to the paper [17] , these solutions can also be used considering torsional vibrations of multispan bars.
